Recently, Kane and Lubensky proposed a mapping between bosonic phonon problems on isostatic lattices to chiral fermion systems based on factorization of the dynamical matrix [Nat. Phys. 10, 39 (2014)]. The existence of topologically protected zero modes in such mechanical problems is related to their presence in the fermionic system and is dictated by a local index theorem. Here we adopt the proposed mapping to construct a two-dimensional mechanical analogue of a fermionic topological nodal semimetal that hosts a robust bulk node in its linearized phonon spectrum. Such topologically protected soft modes with tunable wavevector may be useful in designing mechanical structures with fault-tolerant properties.
was formulated for mechanical structures with a frame description, for which the Hamiltonian can be defined in terms of the set of spring extensions. Restricting to such models, any phonon problem has a well-defined fermionic counterpart. The extent to which this holds for mechanical problems outside of the frame description is an open question. Furthermore, Ref. [6] considered localized boundary modes assuming a gapped bulk; a similar setting can also give rise to phonon zero modes localized around defects [12] . In contrast, one may search for phonon analogues of fermionic systems with a gapless node in the bulk protected by non-trivial band topology, as opposed to symmetry which protects phonons originating via Goldstone's theorem. This is the problem considered in this work.
Topological nodal semimetals (TNS) have topologically protected bulk zero modes and unusual surface states [8, 9, 14] . The Weyl semimetal, one such TNS, is characterized by the touching of nondegenerate Bloch bands at isolated points or lines in momentum space (Fig. 1) . Although Weyl points are generic in 3D, they have codimension 2 in 2D and are not generic unless a symmetry is present [8, 9, 14] . A Weyl node has an associated chirality originating from a discontinuity in a winding number as one crosses the node. A Weyl node can only be gapped out by annihilation with a node of opposite chirality; hence such points are robust against small (and in 2D, symmetry-respecting) perturbations.
Previous work has demonstrated the construction of TNS analogues in bosonic systems such as photonic crystals [15] . The associated band touchings, however, occur at non-zero frequencies and the topological features are irrelevant when one is interested in only the low energy excitation of the system. Here we seek to construct a phonon analogue of TNS with protected zero-energy modes in the linearized phonon spectrum. These systems correspond to metamaterials or mechanical structures with robust extended soft modes which can be employed as building blocks of more complex structures requiring both rigidity for stability and flexibility for functionality [11, 12] . Fault tolerance, provided by topological protection, is highly desirable for applications in which different
Typical spectrum of a 2D TNS protected by chiral symmetry hosting a pair of topological nodes at ω = 0 (only the two bands close to ω = 0 are shown). The spectrum is computed for the fermionic problem defined in Eq. (2) with R defined in Eqs. (3) and (4) . The parameters (θ1, φ1, θ2, φ2) = (0.25, 0, 0.125, −0.125)π were used. The inset shows the edge spectrum when open and periodic boundary conditions are enforced for theê1 andê2 directions respectively, featuring a line of zero modes connecting the projections of the bulk topological nodes onto the surface Brillouin zone.
mechanical parts are coupled to perform non-trivial maneuvers. Similarly, our construction can also be applied to engineer acoustic or mechanical metamaterials with programmable response to external excitations [16, 17] .
For a self-contained discussion, we first briefly describe phonon problems defined for mechanical structures formed by mass points connected by elastic elements modeled as central-force springs, and we review the boson-to-fermion mapping developed in Refs. [4] [5] [6] .
The dynamics of such a system is determined by the kinetic energy of the mass points and the elastic potential energy stored in the springs, and therefore for N masses in d spatial dimension, a generic phonon problem can be defined by the Hamiltonian
where r denotes the equilibrium positions of masses m r , p denotes momentum of the masses, z is the coordination number, and s r,j , κ r,j are respectively the extension and spring constant of the j-th spring. To simplify discussion, we set both m r and κ r,j to unity for all (r, j) unless otherwise specified. Since we are interested in the existence of a bulk zero mode, we also impose periodic boundary conditions. Generically, the spring extensions {s r,j } are functions of the displacements {x r } of the masses they connect. Within the harmonic approximation, the extensions are expanded to linear order in the mass displacements:
, where X is a dN dimensional column vector aggregating the displacement vectors of the N masses, and S, similarly defined for the extensions {s r,j }, is zN/2 dimensional. The zN/2×dN dimensional matrix R is physically a linear map relating the spring extensions to the mass displacements. R T is known as the equilibrium matrix and it relates the acceleration of the masses to the spring extensions:Ẍ = −R T S. As in [6] , henceforth we restrict attention to isostatic lattices, which have z = 2d and so R is a square matrix. With this notation, the phonon Hamiltonian, within the harmonic approximation, can be recast as
where P is similarly defined as X and R T R = D is the real-space dynamical matrix. Equivalently, one can view R as a factorization of D.
The phonon modes are solutions to the eigenvalue problem
where ω i is the eigenfrequency of the i th mode with i = 1, . . . , dN . The bosonic phonon problem, characterized by R, can be mapped to a fermionic problem by considering a chiral matrix H F and the associated Hamiltonian H F [4-6]
One can easily verify the 2dN eigenvalues of H F are given by {±ω i }, which implies the phonon spectrum is encoded in the energy spectrum of the fermionic Hamiltonian H F . We note that only a subset of the zero modes of H F give rise to zero modes of D; namely, those fermionic modes with τ z = 1. In contrast, fermionic zero-energy modes with τ z = −1 (i.e. null vectors of R T ) give rise to so-called states of self-stress of the mechanical problem [6] . χ,χ are Majorana fermions satisfying {χ l , χ m } = {χ l ,χ m } = δ lm with all other anti-commutators vanishing. In particular, χ (χ) is even (odd) under time reversal (TR). Since H F corresponds to a TR symmetric Hamiltonian of spinless fermions, it belongs to the Altland-Zirnbauer symmetry class BDI [18] .
Since the corresponding fermionic Hamiltonian is chiral, it can host topological nodes without fine-tuning even in 2D. To find a phonon analogue inheriting the topological features of the TNS, therefore, we consider the phonon spectrum arising from a spring-mass model defined on the square lattice (d = 2 and z = 4). For a regular phonon problem, the form of R is constrained by global translation invariance and point group symmetry of the underlying lattice. For the square lattice, one simply finds ω j (k) ∝ | sin k j |, where j = 1, 2 labels the two orthogonal directions. Although ω j (k j = 0) = 0, these nodal lines are not topologically protected as they can be gapped out by breaking translation symmetry.
Here we relax from these symmetry constraints and assume they are explicitly broken. A possible realization is depicted in Fig. 2 , in which the springs are tweaked with fixed, smooth pegs that serve as an external pinning potential. The form of R, however, is still constrained by the geometrical relations between the spring extensions and mass displacements. For a spring connecting the masses at r a and r b , the spring extension should satisfy |s| ≤ |x ra |+|x r b |. In particular, we assume that there is a special spatial direction v = cos θ aê1 + sin θ aê2 such that the inequality is saturated for x ra = x ra v and x r b = 0. Equivalently, this implies we then have ∂ xr a ,1 s = cos θ a and ∂ xr a ,2 s = sin θ a in the original basis. Assuming a similar dependence of s on x r b , characterized by w = cos θ bê1 + sin θ bê2 , one finds s = v · x ra + w · x r b + O(x 2 ). For a clean system, all springs that are equivalent under lattice translation are characterized by the same parameters and in momentum space one finds
where k = (k 1 , k 2 ) lies in the first Brillouin zone (BZ), and v lm (w lm ) denotes the m-th component of the vector v l (w l ) relating spring extensions to the mass displacements x r and x r+ê l . Enforcing the geometric constraints, the vectors can be parameterized by
The sign convention of the angles are chosen to simplify subsequent expressions. The corresponding fermionic Hamiltonian, as defined in Eq. (2), is explicitly given by
Although the BDI class is topologically trivial in 2D, the system can inherit the non-trivial properties of the 1D system when identical 1D chains are stacked in one direction, similar to weak topological insulators. To this end, we introduce Fourier-transformed variables
where N j is the number of sites along theê j direction, andχ l x1,k2 is similarly defined. Since (χ
is complex, one can define Majorana operators for k 2 ∈ (0, π)
which are both even under TR.λ x1,|k2| andη x1,|k2| , similarly defined forχ x1,k2 , are odd under TR. Since Eq. (5) only couples χ toχ, upon Fourier transform H F (k 2 ) will only couple (λ, η) to (λ,η) and each such 1D system is in the BDI class. While the BDI class is classified by Z in 1D, the indexes of the 1D chains here are always even: the original lattice translational symmetry alongx 2 , reflected as a local O(2) rotation between (λ x1,|k2| , η x1,|k2| ), guarantees that the Majorana zero modes at each edge occur in pairs. This can also be understood from the doubling of Majorana modes for each k 2 ∈ (0, π), as χ 
where we have suppressed the subscript k 2 on the operators. The original chiral symmetry is manifested in this notation as a sublattice (A-B) symmetry. To characterize these 1D systems, we further Fourier transform on x, which gives
where the subscript k of the operators is suppressed,
T , and similarly for c B . The bulk topological invariant of H F (k 2 ) is given by the winding number of det(iR −k ) as k 1 is varied from −π to π [7] . More explicitly, we have
where [v ∧ w] denotes the component of the wedge product v ∧ w in theê 1 ∧ê 2 direction, and r 1 (k 2 ), r 2 (k 2 ) are introduced to simplify the expressions. The winding number W k2 is determined by the relative magnitude of |r 1 (k 2 )| and |r 2 (k 2 )|. The case of particular interest is when the winding numbers W k2→0 + = W k2→π − , which implies there must be a topological phase transition as k 2 is changed from 0 to π. Such a phase transition occurs when
and when this is satisfied the gap at E = 0 must close at some critical quasi-momentum k c , giving rise to a topological node. Such nodes in the fermionic picture are reflected in the original bosonic problem as a pair of isolated points ±k c at which the phonon frequency vanishes, corresponding to a bulk zero mode in the linearized spectrum. For a system parameterized as in Eq. (4), we have (13) which implies that, for general parameters, its linearized phonon spectrum always contains a topologically protected bulk floppy mode. Note that if θ 1 + φ 1 − θ 2 − φ 2 is an integral multiple of π then ω accidentally vanishes on a pair of arcs in the BZ, rendering H F (|k 2 |) gapless for each |k 2 |. For generic parameters, the critical quasimomentum is
and therefore the quasi-momentum associated with the protected bulk floppy mode can be adjusted simply by tuning the angles θ j and φ j . Around ±k c , the linearized phonon dispersion is conical and this forms an analogue of TNS (see supplementary material for details). Since the two topological nodes located at ±k c = 0 are isolated in momentum space, they are robust, in the fermionic picture, against small perturbations respecting chiral symmetry. This implies the phonon analogue is robust against weak arbitrary perturbations to the rigidity matrix, accommodating all the natural perturbations in
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1.E-03 a spring-mass model. Such robustness is demonstrated in the finite-size scaling shown in Fig. 3 , in which we evaluate the disorder average of the lowest eigenfrequency found by numerically diagonalizing the linearized dynamical matrix. The sharp dips at N = 20 and 40 for σ = 0 are due to the matching between k c and the finite-size sampling of the BZ. In the presence of disorder (σ = 0) the quasi-momentum ceases to be a good quantum number, but the bulk zero mode remains, as demonstrated by the decrease of ω 2 min as system size increases.
Since the extended soft modes demonstrated here are protected by the topological properties of the linearized problem, one expects these modes to be only infinitesimal instead of finite. In addition, when the spring-mass system is only a model for a more general system, natural perturbations like the inclusion of small further neighbor couplings correspond to perturbations to the dynamical matrix instead of the rigidity matrix. Such perturbations can render the problem at hand non-isostatic and completely alter the structure of the analysis. The topological protection of the modes is generally lost when confronted with such perturbations, which will be the focus of future work. Therefore, we distinguish between the usefulness of this mapping when the bosonic problem is interpreted in a mechanical context (as done here), where local isostaticity is a binary question, as opposed to a quantum mechanical problem obtained after quantization, for which local isostaticity may only be an approximation.
In summary, we show that the mapping of bosonic phonon problems to chiral fermionic problems can be used to construct the phonon analogue of a topological nodal semimetal. In particular, we construct a 2D system that hosts a tunable bulk extended mode in its linearized phonon spectrum even when global translation symmetry is broken by an external pinning potential. Contrary to usual collective phonon modes arising from continuous symmetry breaking, the existence of such modes is not dictated by symmetry and has its roots in the topological properties of the corresponding fermionic problem. Such gapless topological bosonic modes are robust against disorder within the linearized description but are expected to be gapped when one performs a full phonon spectrum analysis. As long as the harmonic approximation is justified, the real phonon spectrum still contains such bulk soft modes at finite wavevector and they can be utilized to engineer metamaterials and mechanical structures with fault-tolerant properties.
SUPPLEMENTARY MATERIALS

Conical phonon dispersion for the smooth peg model
For a stable system, the phonon frequencies satisfy ω 2 ± (k) ≥ 0, where the ± sign corresponds to the two branches from diagonalizing the 2 × 2 dynamical matrix D k . As such ω 2 − (k) attains a global minimum at k c and therefore
The phonon speeds around the conical dispersion is given by: 
where we let s j = sin k cj and s δ = sin δ with k cj = θ j − φ j for j = 1, 2, and δ = θ 1 + φ 1 − θ 2 − φ 2 . The characteristic speeds around the nodal point is therefore given by 
where we let s δ = sin δ. It is clear that when δ = 0, we have c − = 0, corresponding to the softening of the phonon mode due to the line node; when δ = π/2 and s The insets show the dispersion of the two independent phonon modes around the critical quasi-momentum kc. Here we take m = κ1 = 1 and κ2 = 2, which splits the partial degeneracy between the two phonon bands but does not affect the low energy dispersion. (a) The parameters (θ1, φ1, θ2, φ2) = (.1, .2, .2, .1)π are used. The parameters satisfy θ1 + φ1 − θ2 − φ2 = 0, which gives rise to an accidental vanishing of ω along a pair of arcs in BZ. This is seen in the vanishing of ω at multiple values of k as well as the existence of a quadratic phonon mode around kc. (b) The parameters (θ1, φ1, θ2, φ2) = (0.1, −0.2, −0.15, 0.15)π are used, which corresponds to the generic case in which the linaerized phonon spectrum contains a pair of isolated bulk nodal points at ±kc with conical dispersion around them.
